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The generalized Hunter-Saxton equation 



has a number of apphcations in the nonhnear instabihty theory of a director field of a 
liquid crystal, P, in geometry of Einstein- Weil spaces, |21IS1, in constructing partially 
invariant solutions for the Euler equations of an ideal fluid, jlj, and has been a subject 
of many recent studies. In the case k = | the general solution, [T], the tri-Hamiltonian 
formulation, jSj, the pseudo-spherical formulation and the quadratic pseudo-potentials, 
[Bj, have been found. The conjecture of linearizability of equation (0) in the case k = —1 
has been made in |3]. In [2j, a formula for the general solution of (^ has been proposed. 
This formula uses a nonlocal change of variables. 

In this paper, we prove that equation ((H) is equivalent under a contact transforma- 
tion to the Euler-Poisson equation, jHl § 9.6], 

1 2(l-/€) 2{1-k) 

utx = -j—^ — r ut + — — — - u,^ - -— — — TT^ u, (2) 

and find the general solution of (0) in terms of local variables. 

In P], E. Cartan's method of equivalence, ^0)^521 5 ^Hl ^Mi i^ i^^ form of the 
moving coframe method, fSllSlEI, was used to find the Maurer-Cartan forms for the 
pseudo-group of contact symmetries of equation (j21). The structure equations for the 
symmetry pseudo-group have the form 

d^o = ??i A ^0 + e' A 01 + e' A 02, 

d0i =?72A0i-2(l-K)6'oAe2 + e'Aaii, 
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d02 = (2 ?7i - r/2) A ^2 - 6'o A ^^ + ^2 A ^22, 

de =(r/i-?72)Ae\ 

d^' ={ri2-yii)^e, (3) 

dan = (2 ?72 - ^1) A (Til + r^s A e' + 3 (2 /€ - 1) 01 A e', 

dcr22 = (3 771 - 2 772) A (722 + ^74 A ^^ 

dr/i ={2K-l)e^e. 

dr72 =(l-4/.)e^Ae^ 

dr/3 = TTi A e' - (2 ?7i - 3 772) A r/3 + 4 (3 /€ - 1) ^2 /^ an, 
dr74 = 712 A ^^ + (4r/i - 3772) A 774 + 2 (3 - «:) ^^ A ^22, 

where ^o, ^1, ^2, i^S 1^^, o"ii, o"22, Vii ■■■ 1 Vi ^^^ the Maurer-Cartan forms, while tti and 
7^2 are prolongation forms. We have 6q = a (dw — m^ dt — u^ dx), 61 = a b~^{dut — Uudt — 
R2 dx) +2{K-l){Kb{t + x)y^9o, 02 = abn{t + xf {du^ - i?2 dt - u^a: dx) + b{t + x) Oq, 
C,^ = bdt, and ^'^ = b^^K^^it + x)"^dx, where R2 is the right-hand side of equation Q, 
while a and b are arbitrary non-zero constants. The forms an, ... , 7r2 are too long to be 
written out in full here. We write equation (^ and its Maurer-Cartan forms in tilded 
variables, then similar computations give Oq = a [du — ujdt — u~dx), 61 = ab~^{duj — 
u-^dt — Ri dx) — b~'^uu^ 02 — (2 K — 1) bu~ Oq, 62 = S6~-^('u~)~^ (d-u~— ^1 dt — u~dx), 
^^ = bdt, and ^^ = b~^ {du~ — k (w~)^ dt), where Ri is the right-hand side of equation 
(^ written in the tilded vatiables, while a and b are arbitrary non-zero constants. The 
forms an, ... , 7f2 are too long to be written out in full. The structure equations for 
(^ differ from Q only in replacing 6q, ... , n2 by their tilded counterparts. Therefore, 
results of Cartan's method (see, e.g., jTH th 15.12]) yield the contact equivalence of 
equations (0) and Q. Since the Maurer-Cartan forms for both symmetry groups are 
known, the equivalence transformation \1/ : (t, x, u, Ut, Ux) 1— > (t, x, u, uj, u~) can be found 
from the requirements ^*0o = Oq, ^*6'i = 6*1, ^*6'2 = O2, '^*i^ = ^S and ^"f^ = ^^i 

Theorem. The contact transformation \& 

u = (t + x)~~ {k {t + x) Ux + {k — 1) u) , 

t = K~H, 

X = — (t + x)~^ {k {t + x) Ux — u) , 

Uj = K^ (t + x)'~ {Ut - Ux) , 

u~=-{t + x)-' 

takes the Euler-Poisson equation |^ to the generalized Hunter-Saxton equation (OJ) 
(written in the tilded variables). 

Remark. The equivalence transformation \l/ is not uniquely determined: for any 
$ and T from (isomorphic) infinite-dimensional pseudo-groups of contact symmetries of 
equations (0) and (j21), respectively, the transformation $ o ^1/ o T is also an equivalence 
transformation. 

Equation belongs to the class of linear hyperbolic equations Utx = T{t, x) Ut + 
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X(t, x) Ux + U{t,x) u and has important features: it has an intermediate integral, and 
its general solution can be found in quadratures. To prove this, we compute for equation 
the Ovsiannikov invariants, P § 9.3], P = K H~^ and Q = (\n\H\)^^H~^, where 
H = —Tf + T X + U and K = —X^ + T X + U are the Laplace semi-invariants. We 
have P = 2{1 — k) and Q = 2 n, therefore P + Q = 2, and the Laplace t-transformation, 
[HI § 9.3], takes equation ((21) to a factorizable linear hyperbolic equation. Namely, we 
consider the system 

V = Ux — {^{t + x))~^u, (4) 

vt = 2{l- k) {k {t + x)y^v + K'^ {t + xy^u. (5) 

Substituting (JH) into (0) yields equation Q, while expressing u from (0) and substituting 
it into (JH) gives the equation 

l-2fi; 2(fi;-l) {2k-1)U-2) 
Vtx = ... . vt + -^— — r v^ --— — -- — V 6) 

K{t-\-x) K[t + X) [n[t + x)Y 

with the trivial Laplace semi-invariant H . Hence, the substitution 

W = V:, + {2K-l){K{t + x))~^V (7) 

takes equation © into the equation 

wt = -2{K-l){K{t + x)y^w. (8) 

Integrating (jH)) and ((Tj), we have the general solution for equation ©: 

v = (t + x)^ (s{t) + j R{x) (t + x)- dxj , 

where S{t) and R{x) are arbitrary smooth functions of their arguments. Then equation 
© gives the general solution for equation Q: 

u={t+x)- (KS'{t)+ I R{x) {t+x)^dx\ -it+x)^ [s{t)+ I R{x) {t+x)^ dx\ . 

This formula together with the contact transformation of the theorem gives the general 
solution for the generalized Hunter-Saxton equation (^ in a parametric form: 

u = K^ S'{t) + K f R{x) {t + x)^ dx, 

t = K'U, 

x = -K (s{t) + / R{x) (t + x) « dxj . 

Hence, we obtain the general solution of equation (^ without employing nonlocal 
transformations. 
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